The Couette flow is one of the fundamental problems of rarefied gas dynamics, which has been investigated extensively based on the linearized Boltzmann equation (LBE) of hard-sphere molecules and simplified kinetic model equations. However, how the different intermolecular potentials affect the viscous slip coefficient and the structure of Knudsen layer remains unclear. Here, a novel synthetic iteration scheme (SIS) is developed for the LBE to find solutions of Couette flow accurately and efficiently: the velocity distribution function is first solved by the conventional iterative scheme, then it is modified such that in each iteration i) the flow velocity is guided by an ordinary differential equation that is asymptotic-preserving at the Navier-Stokes limit and ii) the shear stress is equal to the average shear stress. Based on the Bhatnagar-Gross-Krook model, the SIS is assessed to be efficient and accurate. Then we investigate the Knudsen layer function for gases interacting through the inverse power-law, shielded Coulomb, and Lennard-Jones potentials, subject to diffuse-specular and Cercignani-Lampis gas-surface boundary conditions. When the tangential momentum accommodation coefficient (TMAC) is not larger than one, the Knudsen layer function is strongly affected by the potential, where its value and width increase with the effective viscosity index of gas molecules. Moreover, the Knudsen layer function exhibits similarities among different values of TMAC when the intermolecular potential is fixed. For Cercignani-Lampis boundary condition with TMAC larger than one, both the viscous slip coefficient and Knudsen layer function are affected by the intermolecular potential, especially when the "backward" scattering limit is approached. With the asymptotic theory by Jiang and Luo (2016) [14] for the singular behavior of the velocity gradient in the vicinity of solid surfaces, we find that the whole Knudsen layer function can be well fitted by the power series . The velocity slope in the bulk region is (dU 1 /dx 2 )| x2 →∞ = k 1 , the slip length is ζ , while the viscous slip coefficient is defined as ζ = ζ /λ e , where λ e is the equivalent mean free path of gas molecules.
. Schematic diagram of the Knudsen layer in the Kramer's problem. The velocity defect (Knudsen layer function) U s describes the deviation of the linearly extrapolated velocity (dash line) in the bulk region from the true velocity (solid line). The velocity slope in the bulk region is (dU 1 /dx 2 )| x2 →∞ = k 1 , the slip length is ζ , while the viscous slip coefficient is defined as ζ = ζ /λ e , where λ e is the equivalent mean free path of gas molecules.
Introduction
The Kramer's problem describing gas flow over a plane driven by viscous stress is fundamental to solutions of almost all momentum transfer problems of rarefied gas dynamics [1] . As illustrated in Fig. 1 , when the planar wall at x 2 = 0 moves slowly in the horizontal direction, a nonlinear velocity profile and a finite slip velocity develop near the surface. This kinetic boundary layer, as known as the Knudsen layer, has a thickness of several mean free path λ of gas molecules. Due to the infrequent gas-gas interactions, the flow is essentially rarefied, so that the conventional Navier-Stokes equations only work in the bulk region but break down in the Knudsen layer. The linearized Boltzmann equation (LBE) can be used to study this problem. For engineering applications, however, Navier-Stokes equations are still preferred when the Knudsen number Kn (the ratio of λ to the dimension of flow domain) is small, due to its distinct computational advantage over the LBE in six-dimensional phase space.
Many efforts have been made to predict the rarefied gas flow, through incorporating the rarefaction effects caused by the presence of solid surface into hydrodynamic equations [2] . For isothermal flows at small Kn, it is adequate to apply the velocity slip boundary condition (BC) to the Navier-Stokes equations. In this case, the viscous slip coefficient (ζ , VSC), as defined in Fig. 1 , is needed. The first estimation ζ (α) = (2 − α)/α is proposed by Maxwell using insightful physical arguments [3] . Here, α is the tangential momentum accommodation coefficient (TMAC) describing the fraction of diffusely reflected molecules at the solid surface, while the rest of molecules are reflected specularly. Almost one hundred years later, using a variational approach for the LBE and diffuse-specular gas-surface BC, Loyalka obtained the VSC which is generalized into the following form [4, 5] :
Subsequently, lots of investigations were carried out to calculate the VSC by numerically solving the LBE and its simplified model equations. It is found that VSCs from the LBE and its kinetic model equations have a relative difference less than 3% when the effective TMAC is fixed [5] . It should be noted that, although the influence of intermolecular potentials on VSC has been assessed by Loyalka using the variational results [6] and by Sharipov comparing the results from different literatures [7] , a systematic investigation of the role of intermolecular potential on the VSC under different gas-surface interactions on the basis of the highly accurate Boltzmann solutions is still absent. When Kn becomes appreciable, the Navier-Stokes equations may be still used, but in addition to the velocity slip BC the effective viscosity must be modified to a function of the distance to solid surfaces. In this case, the structure of the Knudsen layer provides a critical information to formulate the effective viscosity. Lockerby et al. first proposed a curve-fitted approximation to the Knudsen layer function (KLF) as [8] U s (x) ≈ 7 20(1 + x) 2 , (2) where x is the distance to the solid surface normalized by the mean free path λ. Although the KLF is fitted from a temperature jump problem instead of the shear problem, it is found that the Navier-Stokes equations with the effective viscosity can predict the velocity profiles in Poiseuille and Couette flows, up to Kn = 0.4. Later, by fitting the data from the LBE solution of hard-sphere (HS) gas and the direct simulation Monte Carlo method for Couette flow [9] , Lilley & Sader obtained a power-law KLF [10, 11] :
where C is a constant and the exponent n ≈ 0.82. Despite the fact that the fitting is carried out in the region 0.1 x 1, they predicted the power-law divergence of the velocity gradient in the vicinity of the solid surface, that is, dU s /dx → ∞ as x → 0.
The singular behavior of velocity gradient at the planar surface is rigorously proved by Takata & Funagane, when analyzing the thermal transpiration based on the LBE of HS molecules [12] . However, instead of the power-law divergence, they found the logarithmic divergence of the velocity gradient; that is, the spatial singularity is not stronger than ln x in the vicinity of the solid surface. This conclusion is confirmed by Jiang & Luo who, through the asymptotic analysis of the Bhatnagar-Gross-Krook (BGK) gas kinetic model [13] , found that the velocity profile of Couette flow near the solid surface can be described by the following power series [14] :
It should be noted that most contributions to the Kramer's problem focused mainly on the diffuse-specular BC and HS molecules (or simplified kinetic models). How intermolecular potentials (such as the inverse power-law, shielded Coulomb, and Lennard-Jones potentials) and other gas-kinetic BCs affect the VSC and KLF remains unclear. This paper is dedicated to addressing these questions through the numerical simulation of the LBE for Couette flow between two parallel plates, which can be taken as a specific example to investigate the behavior of Knudsen layer. We emphasis that, however, the numerical method to finding the KLF at small values of Kn is not easy. For instance, the results provided by Takata & Funagane are limited to Kn 0.6, since the computational cost to find the steady-state solution of the kinetic equations becomes extremely large for small Knudsen numbers [12] ; however, this relative large value of Kn is unfortunately not small enough to avoid the interference between Knudsen layers. In the present paper, we first develop an efficient and accurate method to solve the LBE for Couette flow, and then investigate the role of intermolecular potentials and gas-surface BCs on the VSC and KLF.
The remainder of the paper is organized as follows. In § 2, the LBE for the steady Couette flow of a monatomic gas and various kinetic BCs are introduced. In § 3, a synthetic iteration scheme is developed to boost the convergence in finding the steady-state solution of the Couette flow in the near-continuum regime. In § 4, influences of intermolecular potentials and gas-kinetic BCs on the VSC and KLF as well as the singularity of velocity gradient near the solid surface and the similarity of the KLF are investigated. In § 5, experimental results given by Reynolds et al. [15] are properly explained. The paper closes with some finial comments in § 6.
The linearized Boltzmann equation
Consider the steady Couette flow of a monatomic gas between two infinite parallel plates located at x 2 = 0 and x 2 = H .
The top plate moves along the x 1 direction with a velocity V w , while the bottom plate moves with the opposite velocity. Both plates are maintained at a fixed temperature T w . This Couette flow can be used to study the Kramer's problem, provided that the distance between the two plates is large enough so that there is no interference between the Knudsen layers near the two plates [7] .
For simplicity, we use dimensionless variables unless specified. The coordinate x 2 is normalized by the distance between the two plates H , the molecular velocity v is normalized by the most probable speed v m = 2k B T w /m, and velocity distribution functions f eq and h are normalized by n 0 /v 3 m , where n 0 is the average number density of the gas molecules between the parallel plates, k B is the Boltzmann constant, and m is the mass of gas molecules.
When V w is far smaller than the most probable speed v m , the velocity distribution function of gas molecules can be linearized around the global equilibrium distribution function f eq (v) = π −3/2 exp(−|v| 2 ) as:
is the molecular velocity and h(x 2 , v)V w /v m is the small perturbance (h is not necessary smaller compared to f eq ). The LBE for h(x 2 , v) is:
where the linearized Boltzmann collision operator is [16] :
and the equilibrium collision frequency is
Note that the relative velocity of the two molecules before binary collision is u = v − v * , and is a unit vector along the relative post-collision velocity v − v * . The deflection angle θ between the pre-and post-collision relative velocities satisfies cos θ = · u/|u|, 0 ≤ θ ≤ π . Finally, B(|u|, θ) = |u|σ is the collision kernel, with σ being the differential cross-section that is determined by the intermolecular potential.
In the present paper, we consider the inverse power-law potentials, where the collision kernels are modeled as [17, 16] B(|u|, θ) = |u|
with ω being the viscosity index (i.e. the shear viscosity μ of the gas is proportional to T ω ) and K a normalization constant [16] . HS and Maxwell molecules have ω = 0.5 and 1, respectively. Note that this type of collision kernel cannot describe the charged molecules interacting through the Coulomb potential with ω = 2.5. As discussed in the Chapter 10 of
Ref. [18] , in reality, however, charged molecules interact through the following shielded Coulomb potential:
where is related to the strength of the potential, ρ is the intermolecular distance, and λ d is the Debye shielding length.
For simplicity, we only consider the single-species charged molecules interacting through the repulsive force. We also consider noble gases interacting through the following Lennard-Jones potentials:
where d is the distance at which the potential is zero. The details of implementation of the Lennard-Jones potentials in fast spectral method can be found in Ref. [19] . The differential cross-section for the above shielded Coulomb and Lennard-Jones potentials can be calculated according to Sharipov & Bertoldo [20] . Then the linearized Boltzmann collision operator (7) can be solved by the fast spectral method developed by the authors [19] .
To fully determine the gas dynamics in spatially-inhomogeneous problems, the gas-surface BC is needed. The general form of the BC, which specifies the relation between the velocity distribution function f (v) of the reflected and incident gas molecules at solid surface, is given below:
where v and v are velocities of the incident and reflected molecules, respectively, v n is the normal component of molecular velocity v directed into the gas, and R(v → v) is the non-negative scattering kernel.
The most popular gas-surface BC is the diffuse-specular one, with the scattering kernel reading:
where the constant α M is the TMAC, with a value in the range of 0 ≤ α M ≤ 1, and δ is the Dirac delta function. Purely diffuse reflection has α M = 1. The BC proposed by Cercignani & Lampis has also been widely used, which reads [21] :
where v t is the tangential velocity,
exp (x cos φ) dφ/2π , and α n ∈ [0, 1] and α t ∈ [0, 2] are the energy and momentum accommodation coefficients, respectively. When α n = α t = 1 or α n = α t = 0, the fully diffuse or specular BCs are recovered, respectively, while for α n = 0 and α t = 2, the Cercignani-Lampis scattering kernel descries "backward" scattering.
Other types of BCs have also been proposed and discussed [22] , but for the Kramer's problem, as will be shown below, the two BCs are adequate to explain the experimental data [15] .
The macroscopic quantities of interest are the flow velocity U 1 normalized by V w and the shear stress P 12 normalized
by n 0 k B T w V w /v m , which can be calculated as
Numerical method: the synthetic iteration scheme
To resolve the singular behavior of velocity gradient that occurs in the vicinity of the solid surface [12, 14] , high spatial resolution is required. This means that it is better to solve kinetic equations by time-implicit deterministic numerical method, otherwise the restriction on the Courant-Friedrichs-Lewy condition will render the time step extremely small and hence the computational cost enormous; also, the direct simulation Monte Carlo method will be expensive to resolve the velocity profile in very small cells near the solid surface; for example, the simulations are limited to relative large Knudsen numbers with large cell size [10, 11] .
To avoid the interference of the two Knudsen layers, the mean free path of gas molecules should be sufficiently smaller than the distance between two parallel plates; or equivalently, the rarefaction parameter
should be sufficiently large. Here the equivalent mean free path λ e = (2/ √ π)λ, where λ is the mean free path of gas molecules. Therefore, the Knudsen number is Kn = √ π/2δ.
The integro-differential system (6) is usually solved by the conventional iteration scheme. Given the value of
at the k-th iteration step, the velocity distribution function at the next iteration step is calculated by solving the following equation [9, 17, 19] :
where the derivative with respect to x 2 is usually approximated by a second-order upwind finite difference, and the collision operator in Eq. (7) can be calculated by the fast spectral method [16, 19] based on the velocity distribution function at the k-th iteration step. The process is repeated until relative differences between successive estimates of macroscopic quantities are less than a convergence criterion .
The conventional iteration scheme is efficient for highly rarefied gas flows (when δ is very small), where converged solutions can be quickly found after several iterations. However, the number of iteration increases significantly when Kn decreases (or δ increases), especially when the gas flow is in the near-continuum regime [23, 24] . These behaviors are in fact a result of the competition between the molecular collision and streaming. In the free-molecular flow regime, gas molecules move in straight way (except the collision with solid surfaces) so that any disturbance at one point can be quickly felt by all other spatial points, so the exchange of "information" and hence the convergence is fast. However, for near-continuum flows, binary collisions dominate so that the exchange of information through streaming becomes very inefficient: the perturbance decays rapidly due to frequent binary collisions and takes a long time to be felt by other points. The implicit unified gas-kinetic scheme may be used to achieve fast convergence [25] , however, currently there is no version developed for the LBE.
To have a convergence-accelerated scheme for the LBE, synthetic equations for the evolution of macroscopic flow variables that are asymptotic preserving the Navier-Stokes limit provides an alternative way to enhance the information exchange across the whole computational domain [24] . For the Navier-Stokes equations which can be derived from the Boltzmann equation through the Chapman-Enskog expansion to the first-order of the Knudsen number, the governing equation for flow velocity is
where P 12 is a constant across the whole domain. For the LBE, the shear stress remains a constant (this can be easily proven by multiplying Eq. (6) with v 1 and then integrating with respect to v), but the equation for U 1 contains high-order terms beyond the Navier-Stokes level. That is, the governing equation is in general can be expressed as
To obtain the synthetic equation (19) that will facilitate the fast convergence to the steady-state, we first rewrite Eq. (7) as
is the linearized collision operator of the BGK equation for Couette flow between two parallel plates [24] . Then multiplying Eq. (6) by 2v 1 v 2 and integrating the resulting equation with respect to the molecular velocity v, we obtain
It is obvious that, in the near-continuum regime where δ → ∞, the high-order terms in the right-hand side of Eq. (21) are negligible compared to δ P 12 , so that the derived synthetic equation is asymptotic preserving the Navier-Stokes limit.
With this macroscopic equation to update the flow velocity, we devise the following new iteration scheme to find the steady-state solution of the LBE (6) quickly:
1 are known at the k-th iteration, we calculate one of the high-order terms
We also calculate the velocity distribution function h (k+1/2) according to the conventional iteration scheme (17) , that is, we solve the following equation:
by a second-order upwind finite difference in the bulk and a first-order upwind scheme at the solid surface [9] .
• From h (k+1/2) , we calculate the flow velocity U
, and one of the high-order terms
We also calculate the average shear stress as
• We obtain the flow velocity U (21) with the second-order upwind finite difference, starting from the symmetrical boundary condition U 1 (x 2 = 1/2) = 0, where P 12 is replaced by P . That is,
• The velocity distribution function h(x 2 , v) is modified to incorporate the change of macroscopic flow velocity. Meanwhile, the shear stress is adjusted to its mean value P , for all spatial points. That is,
• The above steps are repeated until convergence.
Since the gas kinetic equation is solved together with the macroscopic equation (24) for flow velocity, the above scheme is called the synthetic iterative scheme (SIS). Note that although the SIS has been widely applied to the radiation transport processes [26] and rarefied gas flows driven by local pressure, temperature, and concentration gradients [23, [27] [28] [29] [30] to overcome the slow convergence in the near-continuum flow regime, it is the first time that the SIS is developed for the linearized Couette flow.
Numerical tests of efficiency and accuracy
Numerical simulations are carried out to assess the efficiency and accuracy of the SIS. We consider the simple BGK kinetic model with the diffuse boundary condition as it has recently been solved with high accuracy [14, 31, 32] .
We first test the efficiency of the SIS. We choose the rarefaction parameter δ = 100 and discretize the half spatial space into 50 even-spaced points. The molecular velocity space v 1 and v 3 are discretized by the roots of the physicists' version of the fourth-order Hermite polynomial, while the molecular velocity v 2 is truncated to [−6, 6] and approximated by the non-uniform points [16, 33] :
which is useful to capture the discontinuity in the velocity distribution function near v 2 ∼ 0. In this test we take ı = 3. iterations. However, due to the frequent binary collision, such a perturbance slowly penetrates the bulk regime. Since the symmetry condition always guarantees U 1 (x 2 = 1/2) = 0, a large number of iterations are needed to alter the velocity profile between the solid surface and the center of the channel to be nearly linear. This situation is completely changed in the SIS, where the flow velocity is corrected to be nearly linear at each iteration according to the synthetic equation (24) , which is dominated by ∂U 1 /∂x 2 = −δP when δ is large. Such a macroscopic governing equation allows the efficient exchange of information, and therefore fast convergence is realized in the whole computational domain, see Fig. 2 
(b).
As far as the convergence speed is concerned, we see from Fig. 2 (c) that, when δ is small, i.e. in the free-molecular flow regime, the conventional iteration scheme and SIS are as efficient as each other, where the converged solutions are obtained within 5 iterations. As δ increases so that the flow enters the transition and near-continuum regimes, the iteration number of the conventional iteration scheme increases rapidly, while that of the SIS quickly reaches the saturation number of about 20. At δ = 200, the SIS is about 500 times more efficient than the conventional iteration scheme. The gain of using SIS becomes larger and larger as δ further increases.
We then assess the accuracy of the SIS by comparing the solution of the integral equation derived from the linearized BGK equation, which has the accuracy of at least 12 significant digits [14] . In order to capture the Knudsen layer near the solid surface, the spatial domain 0 ≤ x 2 ≤ 1/2 is divided into N s nonuniform sections, with most of the discrete points placed near the wall:
where
The size of the smallest section is 9.99 × 10 −9 when N s = 500. The iterations terminate when the maximum relative error in the flow velocity between two consecutive iterations
is less than 10 −10 ; the point U 1 (x 2 = 1/2) is excluded since the velocity is always zero.
A comparison between the SIS and accurate results of [14] is tabulated in Table 1 for the linearized Couette flow. The molecular velocity v 2 is discretized according to Eq. (26) with N v = 64 and ı = 5, while in the spatial discretization we choose N s = 500 in Eq. (27) . Clearly our SIS has an accuracy of at least 6 significant digits. The accuracy can be further increased when more refined velocity and spatial grids are used, see the convergence test with respect to the number of velocities and spatial grid nodes in Fig. 3 . When N v = 96, relative errors do not decrease when compared to the case of N v = 64, indicating that the non-uniform velocity discretization (26) with N v = 64 is adequate.
Numerical results of the linearized Boltzmann equation
Using the accurate and efficient SIS, the LBE is solved for different intermolecular potentials, under different gas-surface
BCs. In the numerical simulation, we set the rarefaction parameter to be δ = 100, so that the distance between two plates is about 100 times as large as the mean free path of gas molecules; thus, the interference between the Knudsen layers near each plate is avoided. The molecular velocity v 2 is discretized according to Eq. (26) with N v = 128 and ı = 5, while v 1 and v 3 are discretized by 32 × 32 uniform grids in the range of [−6, 6] ; in the spatial discretization we choose N s = 500 in Eq. (27) . In the fast spectral approximation of the linearized Boltzmann collision operator (7), the integral with respect to the solid angle is calculated by the Gauss-Legendre quadrature with M = 8, see Eq. (39) in Ref. [17] . All these measures enable our results holding an accuracy of at least 6 significant digits.
When the steady-state solution is obtained, the velocity profile in the bulk region (i.e. 0.4 ≤ x 2 ≤ 0.5) is linearly fitted by U N S = k 1 (x 2 − 1/2) in dimensionless form, where k 0 is the coefficient from the least square fitting. Then the KLF is calculated according to the following equation: 
In the numerical simulation, we find that δ = 100 is accurate enough to recover the KLF and VSC, when compared to the solution of δ = 1000. However, when δ = 10, that is, the distance between two plates is roughly 10 times of the mean free path, two Knudsen layers interact with each other, which leads to an inaccurate KLF by using Eq. (29).
The viscous slip coefficient
Although a large number of VSCs have been computed from kinetic model equations [7] , very few data are available based on the LBE for various intermolecular potentials. In this section, we study how the intermolecular potentials (including the inverse power-law, shielded Coulomb, and Lennard-Jones potentials) and gas-kinetic BCs (including the diffuse-specular and Cercignani-Lampis BCs) affect the Kramer's problem. Table 2 tabulates the VSCs obtained from the LBE for HS, variable hard-sphere (VHS) with ω = 0.81, and Maxwell molecules, when the diffuse-specular BC of different TMACs is used. Results of Wakabayashi et al. [35] using a discrete velocity method and Siewert [34] using a polynomial expansion technique to solve the LBE for HS molecules are also listed for comparison. It is noticed that the three groups of data agree well with each other, especially the relative difference between our results and those of Siewert [34] is less than 10 −4 . As expected, the VSC increases as the TMAC decreases.
The influences of intermolecular potential and gas-kinetic BC
Also, the VSC is insensitive to the intermolecular potential, which only slightly increases with the viscosity index ω, where the relative difference between HS and Maxwell molecules is less than 4%. These results confirm the statement in previous studies [5, 7, 36] .
In order to study the Kramer's problem with a more sophisticated gas-surface interaction, the LBE is then solved with the Cercignani-Lampis BC. Results are summarized in Table 3 , for the effective TMAC α t ∈ [0.25, 2] and the energy accommodation coefficient α n ∈ [0.25, 1]. When the value of α n and the intermolecular potential are fixed, the VSC increases rapidly when α t decreases, which is consistent with that in the diffuse-specular BC. The additional free parameter α n in CercignaniLampis BC introduces new interesting results. When α t < 1, for a fixed α t and intermolecular potential, the VSC decreases slightly as α n increases, where the maximum drop in the VSC is less than 2%. When α t = 1, the Cercignani-Lampis BC is reduced to the fully diffuse one in this problem, and the VSC does not vary with α n . When α t > 1, the variation of VSC on α n reverses compared to that of α t < 1; and it is strongly influenced by α n , especially when α t is large. For instance, for HS molecules at α t = 2, the VSC is increased by more than three times when α n changes from 0.25 to 1. For fixed α n and α t , the change in the VSC is insensitive to the intermolecular potentials when α t 1.75. However, when α t is close to two (i.e. the "backward" scattering), the influence of the intermolecular potential becomes considerable. For example, when α t = 2 and α n = 1, Maxwell molecules have a VSC that is about 37% higher than that for HS molecules.
The viscous slip coefficient as a function of the effective TMAC
The variation of VSC with respect to the effective TMAC α (for diffuse-specular and Cercignani-Lampis BCs, α = α M and α t , respectively) could be generalized to some simple expressions. By considering the VSCs at the two limit ends of α = 1 and α → 0, the VSC is fitted by Eq. (1) for the diffuse-specular BC. For Cercignani-Lampis BC, Sharipov [37] proposed a similar equation which is a linear combination of the VSCs at α t = 1 and α t = 2. However, the estimation shows a large error when α t → 0. Here we construct a more accurate expression for the VSC with respect to the effective TMAC α. 
where the fitting coefficients a, b, and c are shown in Table 4 for typical inverse power-law intermolecular potentials. Fig. 4 shows that the fitted curve (constructed from the data when α ≥ 0.2) can accurately predict the VSC even in the limit α → 0. For instance, when the TMAC is 0.05, relative differences between the fitted VSC and the LBE solutions are less than 0.1% for both diffuse-specular and Cercignani-Lampis BCs. (31) using the data from the LBE solutions (circles). Squares: the data from the LBE but no used for fitting.
The Knudsen layer function

The influence of the intermolecular potential
Note that other values of α n and other types of intermolecular potentials show a similar behavior. xenon lie between those of HS and Maxwell molecules. This is comprehensible because the effective viscosity indexes of helium and xenon at a temperature of 300 K are 0.66 and 0.85 [38] , respectively. The KLF predicted by the BGK is even larger than that from the Maxwell molecules, but is smaller than that of ω = 1.5 where the gas molecules interact with soft potentials. The shielded Coulomb potential has the largest KLF, since its effective viscosity is close to 2.5 [18] . Thus, contrary to the VSC whose value is insensitive to the intermolecular potential, the KLF is strongly affected by the intermolecular potential. That is, when the effective viscosity index increases, (i) the value of the KLF increases, and (ii) the KLF decays more slowly, or equivalently, the Knudsen layer becomes wider. For example, at the solid surface, the relative difference between KLFs of Maxwell and HS molecules is approximate 20%, and that between the shielded Coulomb and HS potentials reaches 60%. Relative differences at distances one to two mean free path away from the solid surface are even larger, say, when x 2 /λ = 2 the value of KLF of shielded Coulomb potential is about 4 times of that of HS potential. On the other hand, when U s is decreased to 0.01 of its value at the solid surface, the corresponding distances to the solid surface for the HS and Maxwell molecules are about 2.7λ and 3.5λ, respectively.
The influence of the gas-kinetic BC
For the sake of clarity, we only focus on HS molecules. The diffuse-specular BC is first considered in Fig. 6(a) . It is found that the KLF increases as α M decreases. For a fixed α M , the KLF decreases rapidly when moving away from the solid surface, say, its value decays by roughly 85% of the value on the solid surface when x 2 is about one mean free path away from the solid surface.
Typical KLFs under Cercignani-Lampis BC are plotted in Figs. 6(b) and (c). When α n is fixed, for example, for α n = 0.25, the KLF decreases as α t increases. The relative reduction in U s (x 2 = 0) is about 40% when α t rises from 0.25 to 1. However, the variation of KLF with respect to α t becomes weaken as α n increases, such that at α n = 1 the reduction in U s (x 2 = 0) with α t falls below 3% (this is not visualized here but can be deducted from Table 6 below). When α t ( = 1) is fixed, the 
Table 5
Fitted coefficients corresponding to Eq. (4) influence of α n on the KLF becomes larger when α n increases. And the greater the TMAC α t exceeds 1, the more pronounced the change in the KLF with α n . As an example, when α t = 2, the KLF is increased by three times, as the α n varies from 0.25 to 1, see Fig. 6 (c). Table 6 Fitting coefficients corresponding to Eq. (4) with M, N = 2 for the LBE solutions of KLF, when HS molecules and Cercignani-Lampis BC are used. Since the KLF is independent of α n when α t = 1, only the fitting coefficients for α t = 1 and α n = 0.25 are tabulated. 
Fitting the Knudsen layer function and the singularity of velocity gradient
The KLF is essential not only in determining the nonlinear constitution in the Knudsen layer [8] , but also in defining the singularity of velocity gradient near the solid surface. In a recent work based on the BGK model, Jiang & Luo have rigorously shown that the velocity near the solid surface can be described by Eq. (4), whose gradient possesses a logarithmic divergence [14] . In their work, it was numerically demonstrated that the first four leading terms of Eq. (4) can capture the velocity profile in an extremely small interval 0 ≤ x 2 ≤ 1.5 × 10 −7 . However, no attempt is made to fit the velocity profile outside the indicated region.
In this work, based on the highly accurate results of the LBE, we find that the entire KLF can be described by Eq. (4), provided that more high-order terms are included. The associated fitting coefficients in Eq. (4) with M, N = 2 for the diffuse-specular and Cercignani-Lampis BCs are tabulated in Tables 5 and 6 , respectively. We note that when α n is fixed, the absolute value of fitting coefficient decreases as α t increases. Meanwhile, the dependency of each fitting coefficient on α t becomes weaker and weaker as α n increases. For instance, when α n is increased from 0.25 to 1, the maximum relative difference in c 0,0 for different α t is reduced from 350% to 2%. From the insets in Fig. 6 , we observe that the fitted curves agree quite well with the numerical results. Note that Eq. (4) with M, N = 2 can also describe the KLF very well when the distance to the solid surface reaches 10λ. Next, the singularity of velocity gradient in the vicinity of the solid surface is investigated through the deviation of Eq. (4) with respect to x 2 . This singularity is dominated by the term with n = 0 and m = 1 in Eq. (4), that is, the velocity gradient near the solid surface is c 0,1 ln x 2 [12, 14] . From Table 5 , it is found that for a fixed TMAC, c 0,1 increases with the viscosity index, indicating that the rate of divergence is faster for the gas molecules with a larger value of viscosity index, see Fig. 7 . However, this trend reverse at x 2 ≈ 0.015λ. This behavior is somehow related to the variation of equilibrium collision frequency ν eq . From the left inset in Fig. 7 we see that, when the rarefaction parameter δ is fixed, ν eq (0, 0, 0) increases with the viscosity index ω, which means that the collision frequency is larger for larger values of ω, so that the gas approaches to the equilibrium quicker and hence the velocity defect decreases faster. Similarly, the velocity gradient at x 2 > 0.015λ seems to be proportional to ν eq (0, v 2 > 3, 0). It should be noted that, however, this explanation is only based on the numerical finding; one may resort to the rigorous mathematical analysis to have a deep understanding [12, 39] . When the intermolecular potential is fixed, a smaller effective TMAC will produce a larger velocity gradient near the solid surface, see Tables 5 and 6 .
The similarity of the Knudsen layer function
In the above section, the details of KLFs under several specific TMACs have been presented, which may serve as benchmark solutions. In this section we investigate the similarity in the structure of Knudsen layer. We first study the KLF normalized by its value on the solid surface x 2 = 0, when the HS molecules and the diffusespecular BC are used. Results of other types of molecules are similar. Fig. 8 shows the rescaled KLF U s /U s (x 2 = 0) and their relative difference at different TMAC, when compared with that at α M = 0.2. We notice that the rescaled KLF for α M = 0.2 and 1 almost overlap; as shown in the inset of Fig. 8 , the maximum relative difference among all TMACs is less than 7%. Thus, the KLF for diffuse-specular BC possesses a good similarity between different values of TMAC.
For Cercignani-Lampis BC, as can be seen from Fig. 9 , when α n = 1, the maximum relative discrepancy for all α t is less than 10%. When α n decreases, however, the deviation of the rescaled KLF between different α t increases. For instance, when α n = 0.25, the maximum relative difference for α t = 2 is about 30%, as compared with α t = 0.25, see the inset in Fig. 9 . Nevertheless, it should be noted that, for all α n with α t ≤ 1, the relative difference of the rescaled KLF is less than 7%.
Approximately, the KLFs is defined to have similarity if the relative difference of the rescaled KLF for different TMAC is less than 10%. Therefore, as shown in Figs. 8 and 9 , the KLF has the similarity when the diffuse-specular BC and the Cercignani-Lampis BC with α n = 1 are considered, in the full range of effective TMAC; for Cercignani-Lampis BC with other values of α n , the similarity is preserved when α t ≤ 1.
Under the diffuse-specular BC, the rescaled KLF can be fitted using Eq. (4), with the fitting coefficients for different intermolecular potentials tabulated in Table 7 . Furthermore, the corresponding KLF on the solid surface x 2 = 0 can be fitted using an exponential function of the effective TMAC α as
where c 1 , c 2 and c 3 are the fitting coefficients tabulated in Table 8 for different intermolecular potentials. As a consequence, the KLF at arbitrary TMAC can be roughly estimated by multiplying Eq. (32) and the rescaled KLF, with the maximum relative error being smaller than 10%. The KLF for the Cercignani-Lampis BC can also be rescaled according to the data in Table 6 .
Comparison with the experiment
Reynolds et al. measured the VSC and KLF for air passing along the surface of a highly polished aluminum plate [15] . They found that the KLF is different from the results predicted by the BGK model. Loyalka pointed out that such discrepancy is due to the deficiency of the BGK model, where the collision frequency does not depend on the molecular velocity; by using a kinetic model with a variable collision frequency, a reasonable agreement of the velocity profile with the experimental data was observed [40] . Given the apparent deficiency of the model equation, results from the LBE of HS molecules were also compared with the experimental data [9] . However, all the previous works were based on the HS gas with an viscosity index of ω = 0.5, while air has an effective viscosity index of 0.75 at the room temperature. Moreover, the TMAC used in the numerical simulations was one, which results in a VSC of about one, while the measured TMAC has an average value of ζ Exp = 1.1 (which has been adjusted by multiplying a factor of √ π/2).
In this section, we try to explain the experimental data using the LBE solutions for the inverse power-law potential with ω = 0.75. Although air is a mixture of oxygen and nitrogen, we treat it as a single-species monatomic gas, since (i) the molecular masses of oxygen and nitrogen are close to each other and (ii) for isothermal flow the VSC (or the mass flow rate) is insensitive to the rotational degrees of freedom [41, 42] . We note that the KLF from the experiments are scattered, which is inconsistent with the theoretical analysis that the normalized velocity near the solid surface should be independent of the mean free path and shear gradient. Reynolds et al. [15] argued that the most possible reason was the inaccurate determination of the mean free path. Therefore, intuitively, in order to interpret the experimental results, one should take this factor into account. To this end, we first assume the actual TMAC for the interaction of air with the polished aluminum plate is α M in the diffuse-specular BC. Then we calculate the VSC ζ (α M ) from the LBE. If ζ Exp <ζ (α M ), the mean free path in the experiment has been overestimated due to the inaccurate measuring of the gas pressure. Therefore, the value of the KLF from the experiment [15] should be multi- To show all the results in one figure, however, the KLF U s (x 2 ) obtained from the numerical simulation of the LBE has been rescaled to σ U s (σ x 2 ). Comparisons between the numerical and experimental results are depicted in Fig. 11 . It is seen that, when the TMAC varies from 0.8 to 1, the results of LBE can cover almost all the experimental data. In other words, the TMAC of aluminum plate used in the air experiments is most likely 0.9 ± 0.1. If the TMAC is 0.9, we have σ = 0.9, this means that the mean free path in the experiment is overestimated by 10%, which seems reasonable due to the accuracy of the micro-manometers at that time.
Conclusions
In summary, we have proposed a synthetic iteration scheme to expedite the convergence of finding the steady-state solution of the linearized Boltzmann equation for the Couette flow between two parallel plates. In the free molecular flow regime, both the conventional and synthetic schemes lead to the same converged solution after several iterations. However, the synthetic iteration scheme converges significantly faster than the conventional one in the transition and near-continuum gas flow regimes, which is about two to three orders of magnitude faster than the conventional iterative scheme. Based on the Bhatnagar-Gross-Krook kinetic model, the synthetic iteration scheme is assessed to be accurate at least with six significant digits.
With this efficient and accurate method, the influences of the intermolecular potentials (i.e. the inverse power-law, Lennard-Jones, and shielded Coulomb potentials) and kinetic boundary BCs on the Knudsen layer have been investigated based on the linearized Boltzmann equation, where the Boltzmann collision operator for general intermolecular potentials is solved by the fast spectral method. Both the diffuse-specular and Cercignani-Lampis boundary conditions are considered. It has been found that, although different intermolecular potentials lead to roughly the same value of viscous slip coefficient, the KLF is strongly affected by the potential, whose value and width increase with the effective viscosity index of gas.
The highly accurate VSC and its general relation to the TMAC are presented for different intermolecular potentials and gas-surface boundary conditions. In addition, the KLF is found to be perfectly fitted by the series where x is the distance to the solid surface. Correspondingly, based on the obtained KLF, the macroscopic flow velocity gradient exhibits a logarithmic divergence on the boundary. The strength of this divergence depends on the coefficient c 0,1 , whose value also increases with the viscosity index. Furthermore, the similarity of the KLF has been established by rescaling the KLF by the defect velocity at the solid surface. Consequently, the KLF at arbitrary TMAC can be predicted by multiplying the rescaled KLF and the defect velocity at the solid surface which is accurately fitted by an exponential function of the TMAC. These results are useful to formulate the effective shear viscosity [8] and slip boundary condition to be used in the framework of Navier-Stokes equations [2] .
The experimental data of the viscous slip coefficient and KLF measured by [15] has been interpreted fairly well by the linearized Boltzmann equation with a realistic viscosity index. We concluded that the TMAC for the interaction of air with the polished aluminum is most likely 0.9 ± 0.1, instead of 1.0 as used in previous studies for a comparison with the experiment. This result suggests that mean free path in the experiment has been overestimated by about 10%.
Finally, it should be noted that the accurate and efficient synthetic iterative scheme developed in this paper are readily to be extended to multi-species gas mixtures [24] . The influence of intermolecular potentials and gas kinetic boundary conditions on the Kramer's problem of gas mixtures are subject to future studies.
